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ON THE IMAGE CONJECTURE FOR LOCALLY
FINITE DERIVATIONS AND E-DERIVATIONS
ARNO VAN DEN ESSEN AND WENHUA ZHAO
Abstract. Some cases of the LFED Conjecture, proposed by the
second author [Z3], for certain integral domains are proved. In par-
ticular, the LFED Conjecture is completely established for the field
of fractions k(x) of the polynomial algebra k[x], the formal power
series algebra k[[x]] and the Laurent formal power series algebra
k[[x]][x−1], where x = (x1, x2, . . . , xn) denotes n commutative free
variables and k a field of characteristic zero. Furthermore, the re-
lation between the LFED Conjecture and the Duistermaat-van der
Kallen Theorem [DK] is also discussed and emphasized.
Introduction
The aim of this paper to draw some attention to and prove some
cases for a recent conjecture of the second author, concerning images
of locally finite derivations and E-derivations. An E-derivation is a map
of the form δ := 1− φ, where φ is a ring endomorphism. Furthermore,
if φ is a k-algebra endomorphism of a k-algebra A, we say δ is a kE-
derivation of A. There is an abundance of literature related to kernels
of derivations. See for example [N], [E1] and [F] and the references
therein. The study of these kernels has turned out to be very fruitful
in the solution of several problems in affine algebraic geometry. See for
example [ML], [D], [G], [K] and [E1]. However, images of derivations
and E-derivations, by contrast, have hardly been investigated!
In the recent paper [Z3] the second author proposed two conjec-
tures related to images of locally finite or locally nilpotent derivations
and E-derivations, in the context of the so-called Mathieu subspaces or
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Mathieu-Zhao spaces (MZ-spaces for short). These spaces (see Defini-
tion 1.3) were introduced in [Z1] and [Z2] to study the Jacobian Con-
jecture and several related problems. In this paper we will consider one
of these two conjectures for commutative algebras, the so-called LFED
Conjecture. It asserts the following: if A is an algebra over a field
k of characteristic zero and δ a locally finite k-derivation or a locally
finite kE-derivation of A, then Im δ is an MZ-space of A. For some
other studies on this conjecture (and also on the other conjecture), see
[EWZ] and [Z3]-[Z7].
A strong motivation for investigating this conjecture is given by a
remarkable theorem obtained by Duistermaat and van der Kallen in
[DK]. To describe it let C[x, x−1] := C[x1, . . . , xn, x
−1
1 , . . . , x
−1
n ] be the
Laurent polynomial algebra in n variables x over C. Each f ∈ C[x, x−1]
can be written in a unique way as a finite sum
∑
a∈Zn fax
a, with fa ∈ C.
The Duistermaat-van der Kallen theorem states that the subspace of
f ∈ C[x, x−1] such that f0 = 0 is an MZ-space of C[x, x
−1].
Since the proof of this theorem is highly non-trivial and since this
theorem is tightly connected with several conjectures that all imply the
Jacobian Conjecture, it is very desirable to have a new proof for it. It
is at this point that the LFED Conjecture becomes very interesting.
Namely, the Duistermaat-van der Kallen theorem can be viewed as a
special case of the LFED Conjecture.
To see how let p1, . . . , pn be the first n (distinct) prime numbers
and define a C-algebra endomorphism φ of C[x, x−1] by setting for all
1 ≤ i ≤ n,
φ(xi) := pixi.
One readily verifies that φ is locally finite. Furthermore, set δ := 1− φ
and xa := xa11 . . . x
an
n , where a := (a1, . . . , an) ∈ Z
n. Then φ(xa) =
pa11 . . . p
an
n x
a. Consequently, we have
Im δ = {f ∈ C[x, x−1]
∣∣ f0 = 0}.
Therefore the Duistermaat-van der Kallen theorem follows if the LFED
Conjecture holds for this C-algebra endomorphism φ. Similarly, if
c1, . . . , cn ∈ C are linearly independent over Q and D :=
∑
i cixi∂/∂xi,
one easily verifies that D is a locally finite C-derivation on C[x, x−1]
such that ImD is precisely the subspace of f ∈ C[x, x−1] with f0 =
0. So the derivation case of the LFED Conjecture also implies the
Duistermaat-van der Kallen theorem.
Arrangement: In the first section we recall some definitions and
well-known results concerning (E-)derivations and MZ-spaces. In sec-
tion two we prove some cases of the LFED Conjecture for local integral
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domains over a field k of characteristic zero. In particular, the LFED
Conjecture is completely established in this section for the field of frac-
tions k(x) of the polynomial algebra k[x] and the formal power series
algebra k[[x]]. Using some of these results we show in the last section
that the LFED Conjecture holds for the k-algebras k[[x]][x−1]. So in
particular we obtain local analogues of the Duistermaat-van der Kallen
theorem.
1. Preliminaries
Throughout this section k is a field and A a commutative k-algebra.
A k-derivation on A is a k-linear map D such that D(ab) = D(a)b +
aD(b) for all a, b ∈ A. Using induction on n we get that for all n ≥ 1
and all a, b ∈ A,
Dn(ab) =
n∑
i=0
(
n
i
)
Di(a)Dn−i(b).(1.1)
A k-derivation D on A is said to be locally finite if for each a ∈ A
the k-vector subspace spanned by the elements Dm(a) (m ≥ 0) is finite
dimensional over k. A k-derivation D is said to be locally nilpotent
if for each a ∈ A there exists an m ≥ 1 such that Dm(a) = 0. For
such a derivation we can define the D-degree of a non-zero element
a ∈ A, denoted by degD a, to be the smallest positive integer n such
that Dn+1(a) = 0. The following result ([E1, Proposition 1.3.32 ii)])
will play a crucial role in the next sections. To keep this paper self-
contained we here give a short proof of it.
Proposition 1.1. Let A be an integral domain containing Q and D
a locally nilpotent derivation on A. If D(a) = ba, with a, b ∈ A and
a 6= 0, then b = 0.
Proof: Assume b 6= 0. Let n = degD a and m = degD b. So D
n+1(a) =
0 and Dm+1(b) = 0. It follows from Eq. (1.1) that Dn+m+1(ab) = 0 and
that Dn+m(ab) =
(
n+m
n
)
Dn(a)Dm(b). Since Dn(a) and Dm(b) are non-
zero, A is a domain and A is a Q-algebra, we get that Dn+m(ab) 6= 0.
So degD ab = n+m. Since degDD(a) = n− 1, the equality D(a) = ab
gives n− 1 = n+m, a contradiction. ✷
Besides the k-derivations described above we will also need the notion
of a kE-derivation:
Definition 1.2. A kE-derivation on A is a map of the form δ := 1A−φ,
where φ is a k-algebra endomorphism of A. We will write 1 instead of
1A if the k-algebra A is clear in the context.
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As above a kE-derivation δ of A is said to be locally finite if for
each a ∈ A the k-vector subspace spanned by the elements δm(a), with
m ≥ 1, is finite dimensional over k and δ is said to be locally nilpotent
if for each a ∈ A there exists an m ≥ 1 such that δm(a) = 0.
In order to formulate the main conjecture, we recall the notion of
a Mathieu-Zhao space. First, if M is a k-subspace of A we define its
radical, denoted by r(M), as the set of a ∈ A such that am ∈M for all
large m, i.e., for all m greater than some N .
Definition 1.3. Let M be a k-linear subspace of A. Then M is called a
Mathieu-Zhao space (MZ-space) of A if the following holds: if a ∈ r(M)
then for each b ∈ A there exists Nb ≥ 1 such that ba
m ∈ M for all
m ≥ Nb.
Some remarks on the definition above are as follows. First, the notion
was first introduced by the second author [Z1] under the name Mathieu
subspaces. It was later suggested by the first author [E2] to change it to
Mathieu-Zhao spaces. Second, the definition above is slightly different
from the original definition [Z1, Definition 4.1]. But it can be shown
(e.g., see [Z2, Proposition 2.1]) that these two definitions are actually
equivalent to each other.
Third, an ideal in A is an example of an MZ-space of A, so an
MZ-space is a generalization of the notion of an ideal in a ring. In
contrast to ideals it is often very hard to decide if a given subspace
is an MZ-space or not. For example, it is still unknown if the kernel
kerL is an MZ-space of A for most of k-linear functionals L : A → k
of A. On the other hand, as came to light by the work of the second
author, various problems in affine algebraic geometry boil down to the
question whether or not for some specific k-algebras A and specific k-
linear functionals of A the kernel kerL of L is an MZ-space of A. In
particular, the Duistermaat-van der Kallen theorem mentioned in the
introduction is the statement that kerL is an MZ-space of C[x, x−1],
where L : C[x, x−1]→ C is the C-linear functional defined by L(1) = 1
and L(xa) = 0 for all a ∈ Zn\{0}.
Now let us turn to the main conjecture (which was formulated in
[Z3]). From now on k will be a field of characteristic zero.
The LFED Conjecture. Let D be a locally finite k-derivation (resp.
δ a locally finite kE-derivation) on A. Then ImD (resp. Im δ) is an
MZ-space of A.
As pointed out in [Z3], if k is a field of characteristic p > 0, both
statements of the LFED Conjecture fail. To see this observe first that if
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an MZ-space M contains 1, then 1m ∈M for all m ≥ 1, which implies
that M = A. Now take for example D := d/dt on the univariate
polynomial algebra k[t]. Then clearly 1 ∈ ImD, but tp−1 /∈ ImD. So
ImD is not an MZ-space of k[t].
Furthermore, let φ := exp(D), i.e., φ(t) = t+ 1 and δ = 1− φ. Then
1 = (1−φ)(−t) ∈ Im δ. However tp−1 /∈ Im δ: for if tp−1 = u(t)−u(t+1)
for some u(t) ∈ k[t], then replacing t by t + i in the equation for each
0 ≤ i ≤ p− 1, and adding the resulted p equations together we get
p−1∑
i=0
(t + i)p−1 = 0.
Since by Fermat’s Little Theorem ip−1 = 1 for all 1 ≤ i ≤ p−1, setting
t = 0 in the equation above we get p− 1 = 0, a contradiction.
To conclude this section we recall Proposition 5.4 of [Z3] for commu-
tative k-algebras and give a somewhat different proof.
Proposition 1.4. Let A be a commutative ring contained in a Q-
algebra and φ a ring endomorphism of A such that φi = φj for some
1 ≤ i < j. Put M := (1 − φ)(A). Then r(M) = r(I), where I is the
ideal of a ∈ A such that φr(a) = 0 for some r ≥ 1. Furthermore, M is
an MZ-space of A.
Proof: Let a ∈ I, say φr(a) = 0. Then, using a = ((1−φ)+φ)r(a) = 0
we get that a ∈ (1 − φ)(A) = M . So I ⊆ M . Hence r(I) ⊆ r(M). To
prove the converse observe that 0 = φi − φj = φig(φ)(1 − φ), where
g(φ) = 1+φ+· · ·+φj−i−1. Hence (1−φ)A ⊆ ker φig(φ). So if a ∈ r(M),
i.e., am ∈ (1− φ)A for all large m, then
φi(a)m + (φi+1(a))m + · · ·+ (φj−1(a))m = 0, for all large m.
It then follows from lemma 1.5 below that φi(a) is nilpotent. So
φi(a)r = 0 for some r ≥ 1, i.e., φi(ar) = 0. So a ∈ r(I). Hence
r(M) = r(I). Finally, if a ∈ r(M) = r(I), then aN ∈ I for some N ≥ 1.
Hence, if b ∈ A, then bam ∈ I ⊆M for all m ≥ N (since I is an ideal).
So M is an MZ-space of A. ✷
Lemma 1.5. Let A be a commutative ring contained in a Q-algebra
and a1, . . . , an ∈ A. If there exists r ≥ 0 such that a
r+i
1 + a
r+i
2 + · · ·+
ar+in = 0 for all 1 ≤ i ≤ n, then all aj are nilpotent.
Proof: If A is an integral domain this is well-known and follows using
a Vandermonde matrix. To show the general case we may assume that
A is a Q-algebra. Then for each prime ideal p of A, the quotient ring
A/p is an integral domain containing Q. Reducing the hypothesis mod
6 ARNO VAN DEN ESSEN AND WENHUA ZHAO
p we obtain from the integral domain case that each aj belongs to p
and hence to the intersection of all prime ideals of A, which is equal to
the nil-radical of A. So each aj is nilpotent. ✷
2. The LFED Conjecture on Local Integral Domains
Throughout this section A is an integral domain containing a field
k of characteristic zero, D is a k-derivation on A and φ is a k-algebra
endomorphism of A. By A∗ we denote the set of units of A and by
Q(A) the quotient field of A. We start with the following two useful
observations:
i) If u ∈ A∗ and D is locally nilpotent, then D(u) = 0: note first
D(u) = au with a := u−1D(u), and then apply Proposition 1.1.
ii) If A is a local ring with maximal ideal m and a ∈ A, then
1 − a /∈ m or 1 − 2a /∈ m: namely if both belong to m, then
a = (1− a)− (1− 2a) ∈ m, hence 1− a /∈ m, contradiction.
Lemma 2.1. If u ∈ A is transcendental over k and a1, a2, · · · ∈ k are
distinct, then the elements 1
u−ai
(i ≥ 1) in Q(A) are linearly indepen-
dent over k.
Proof: Let d ≥ 1 and c1, . . . , cd ∈ k be such that
∑d
i=1 ci
1
u−ai
= 0.
By clearing up the denominators we see that u is a root in A of the
polynomial f(t) :=
∑d
i=1 cihi(t) ∈ k[t], where hi(t) is the product of
t − aj (1 ≤ j 6= i ≤ d). Since u is transcendental over k, we have
f(t) = 0. Hence f(ai) = 0 all 1 ≤ i ≤ d. Then by the fact that A is an
integral domain we get ci = 0 for all 1 ≤ i ≤ d. ✷
Proposition 2.2. If A is local and D is locally finite, then D = 0.
Proof: Let a ∈ A and V :=
∑
j≥0 kD
j(a). We will show that all
eigenvalues of D|V are zero. This implies that D is locally nilpotent on
A. By the observation ii) above 1− a /∈ m or 1− 2a /∈ m. So 1− a or
1−2a belongs to A∗. By the observation i) above we get that D(a) = 0
or D(2a) = 0. Since Q ⊆ A we get D(a) = 0. So D = 0, as desired.
Now, let v ∈ V with D(v) = cv for some c ∈ k. Note also that
D(2v) = c(2v). So by the observation ii) above we may assume that
1− v /∈ m, hence (1− v) ∈ A∗. If v is algebraic over k, then D(v) = 0
(for if p(v) = 0, with p(t) ∈ k[t] of the least degree, then p′(v)D(v) = 0
implies D(v) = 0) and we are done. So we may assume that v is
transcendental over k. By induction on m one easily shows that for all
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m ≥ 1 we have
Dm((1− v)−1) = m!cmvm(1− v)−(m+1) + (1− v)−mpm(v)(2.2)
for some polynomial pm(v) ∈ k[v]. Since D is locally finite, there exist
N ≥ 1 and c1, . . . , cN ∈ k, with cN = 1, such that
N∑
m=1
cmD
m((1− v)−1) = 0.
Substituting the formulas in Eq. (2.2) for the Dm((1 − v)−1) in the
equation above we find, after multiplying by (1 − v)N+1, that 1 − v
divides N !cNvN (everything here is inside the polynomial ring k[v]).
Then by the assumption that v is transcendental over k it is easy to
see c = 0. ✷
Proposition 2.3. Assume that A is local and φ is locally finite. If
φ(v) = cv, with 0 6= v ∈ A and 0 6= c ∈ k, then
i) c is a root of unity.
ii) There does not exist w ∈ A, linearly independent from v, such
that φ(w) = cw + v.
Proof: i) If v is algebraic over k, there exists 0 6= p(t) ∈ k[t] of the
least degree such that p(v) = 0. Applying φm (m ≥ 1) gives that
p(cmv) = 0. So there exists d ≥ 1 such that cd = 1. Now assume v
is transcendental over k. As in the proof of Proposition 2.2 we may
assume that (1 − v)−1 ∈ A. Since φ is locally finite the elements
{φm(1/1− v)}m≥1 are linearly dependent over k. Put b := 1/v ∈ Q(A).
So the elements
1
1− cmv
= b
1
b− cm
are linearly dependent over k, and hence so are the elements { 1
b−cm
}m≥1.
If all cm are distinct, this contradicts lemma 2.1 (applied to Q(A)). So
ci = cj for some i < j, which implies i), since c 6= 0.
ii) Suppose there exists w ∈ A such that φ(w) = cw + v. As above
we may assume that (1−w)−1 ∈ A. Note that φm(w) = cmw+mcm−1v
for all m ≥ 1, and by i) cd = 1 for some d ≥ 1. So for all n ≥ 1 we get
φnd+1(
1
1− w
) =
1
1− (cw + (nd+ 1)v)
=
1
v
1
u− (nd+ 1)
with u = (1−cw)/v. Since φ is locally finite these elements are linearly
dependent over k. To get a contradiction we shall show that these
elements are linearly independent over k. To do so, by lemma 2.1 it
suffices to show that u is transcendental over k.
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Now, assume that p(u) = 0 for some 0 6= p(t) ∈ k[t]. Applying φnd
(n ≥ 1) to the equation p(u) = 0 gives that p(φnd(u)) = 0 for all n ≥ 1.
So we have φn1d(u) = φn2d(u) for some 1 ≤ n1 < n2. Note that for all
n ≥ 1 we have
φnd(u) = (1− c(w + ndc−1v))/v = (1− cw − ndv)/v.
The equality φn1d(u) = φn2d(u) gives that v = 0, a contradiction. ✷
As a consequence of Proposition 2.3 we get the following:
Theorem 2.4. Assume that k is algebraically closed, A is local and φ
is locally finite over k. If A is finitely generated as a k-algebra, or φ
is injective and Q(A) is a finitely generated field extension of k, then
there exist 1 ≤ i < j such that φi = φj. In particular, Im(1− φ) is an
MZ-space of A.
Proof: First, assume that A = k[a1, . . . , an] for some ai ∈ A. Put
W :=
∑n
i=1 kai and V :=
∑
j≥0 φ
j(W ). Since φ is locally finite, V
is finite dimensional. By Proposition 2.3 each nonzero eigenvalue of
φ|V is a root of unity and each Jordan block of the representative
matrix of φ|V (with respect to any fixed k-linear basis of V ) associated
with a nonzero eigenvalue is an 1 × 1 block. Then by the Jordan-
Chevalley decomposition of φ (e.g., see [E1, Proposition 1.3.8]) and
[H, Proposition 4.2]) we have V = V0 ⊕ V+, where φ
N(V0) = 0 for
some N ≥ 1 and V+ = ⊕
r
j=1kvj for some r ≥ 0 and vj ∈ A with
φ(vj) = cjvj and cj being a root of unity. Let d ≥ 1 be such that c
d
j = 1
for all j. Finally choose a k-basis u1, . . . , us of V0. Then obviously
A = k[v1, . . . , vr, u1, . . . , us]. Since φ
d(vj) = vj for all j and φ
N(ui) = 0
for all i it follows that φN+d = φN on A. Consequently, Im(1 − φ) is
an MZ-space of A by Proposition 1.4.
Now, assume that Q(A) = k(a1, . . . , an) for some ai ∈ A. Define W ,
V , V0 and vi’s as above. Observe that V0 = 0 since φ is injective. Then
Q(A) = k(v1, . . . , vr). Since φ is injective we can extend φ to Q(A).
Since φd(vj) = vj for all j we deduce that φ
d = 1 on Q(A) and hence
also on A. Then by Proposition 1.4 the theorem follows again. ✷
Let x = (x1, x2, . . . , xn) be n free commutative variables and k(x)
the quotient field of the polynomial algebra k[x]. Then k(x) is a field
(hence, a local integral domain), and each k-algebra endomorphism φ
of k(x) is injective. By Proposition 2.2 and Theorem 2.4 we have the
following:
Corollary 2.5. The LFED Conjecture holds for k(x).
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Proof: Let k¯ be the algebraic closure of k. Replacing k(x) by k¯(x)
and extending by the base-field extension the locally finite k-derivations
(resp., k-algebra endomorphisms) of k(x) to locally finite k¯-derivations
(resp., k¯-algebra endomorphisms) of k¯(x) we may assume that the base
field k itself is algebraically closed. Then the corollary follows immedi-
ately from Proposition 2.2 and Theorem 2.4. ✷
Next we show the LFED Conjecture for the formal power series al-
gebra k[[x]] (in n variables), which is a local integral domain but is not
finitely generated as a k-algebra.
Proposition 2.6. Let φ : k[[x]] → k[[x]] be a locally finite k-algebra
endomorphism of k[[x]]. Then there exist 1 ≤ i < j such that φi = φj.
In particular, Im(1− φ) is a MZ-space of k[[x]].
Proof: Let k¯ be the algebraic closure of k. Replacing k[[x]] by k¯[[x]] =
k¯ ⊗k k[[x]] and extending φ in the obvious way we may assume that k
is algebraically closed. Note also that the last statement of the propo-
sition follows from the first one and Proposition 1.4.
Put W :=
∑n
i=1 kxi and V :=
∑
j≥0 φ
j(W ). Since φ is locally finite,
V is finite dimensional. Applying the Jordan-Chevalley decomposition
of φ and Proposition 2.3 (similarly as in the proof of Theorem 2.4) we
have V = V0⊕V+, where φ
N(V0) = 0 for some N ≥ 1 and V+ = ⊕
r
j=1kvj
for some r ≥ 0 with φ(vj) = cjvj and cj is a root of unity. Let d ≥ 1
be such that cdj = 1 for all j. Then it follows that φ
N+d = φd on V ,
hence on each xi.
To show that φN+d = φd on k[[x]] it suffices to prove that φ is
continuous with respect to the m := (x1, . . . , xn)-adic topology on k[[x]].
It suffices to show that φ(xi) ∈ m for all i. Suppose that φ(xi) =
c + hi(x), with c ∈ k
∗ and hi(x) ∈ m. Then (xi − c)
−1 ∈ k[[x]], hence
φ((xi − c)
−1) ∈ k[[x]], i.e., 1/((c + hi(x)) − c) = 1/hi(x) ∈ k[[x]], a
contradiction since hi(0) = 0. ✷
The above argument can be sharpened to obtain a description for all
locally finite k-endomorphisms of k[[x]], in case k = k¯:
Theorem 2.7. Assume that k = k¯ and let φ be a locally finite endo-
morphism of k[[x]]. Then there exist N ≥ 1, 1 ≤ d ≤ n, c1, . . . , cd
roots of unity in k and coordinates y1, . . . , yn ∈ k[[x]], i.e., k[[x]] =
k[[y1, . . . , yn]], such that φ(yi) = ciyi for all 1 ≤ i ≤ d and φ
N(yi) = 0
for all i > d (if d = n the last statement is empty).
Proof: We use the same notations fixed in the proof of Proposition
2.6. For v ∈ V let v1 denote the linear part of v. Choose a k-basis
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u1, . . . , ut of V0. It follows that
W ⊆
∑
kvj1 +
∑
kui1 ⊆
∑
kxi = W.
So the elements vj1 and ui1 form a spanning set of W . Hence there
exist ui11, . . . , uid1, vj11, . . . , vjn−d1 which form a k-basis ofW and whose
determinant of the Jacobian matrix satisfies
det J(ui1 , . . . , uid, vj1, . . . , ujn−d)(0) ∈ k
∗.
So by the formal inverse function theorem we obtain that
k[[x]] = k[[ui1, . . . , uid, vj1, . . . , ujn−d]],
from which and Proposition 2.3 the theorem follows. ✷
By Propositions 2.2 and 2.6 we immediately have the following:
Corollary 2.8. The LFED Conjecture holds for k[[x]].
3. The LFED Conjecture on k[[x]][x−1]
Recall that the Duistermaat-van der Kallen theorem follows if some
special cases of the LFED Conjecture holds for the algebra C[x, x−1].
On the other hand the Duistermaat-van der Kallen theorem can not be
generalized to the algebra C[[x]][x−1] (in the obvious way). To see this
take a = 1/x1 and b = 1/(1 − x1). Then clearly all powers of a have
no constant term, however all elements bam (m ≥ 1) have a non-zero
constant term! It is therefore natural to ask if the LFED Conjecture
also fails for the algebra C[[x]][x−1].
The aim of this section is to show that it does not! Throughout this
section we have the following notations: k is a field of characteristic
zero; k[[x]] := k[[x1, . . . , xn]] is the algebra of the formal power series
over k; and finally k[[x]][x−1] denotes the localization of k[[x]] in the
elements xi (1 ≤ i ≤ n).
We first show that the derivation case of the LFED Conjecture holds
for k[[x]][x−1]. This follows immediately from the following:
Theorem 3.1. k[[x]][x−1] has no nonzero locally finite k-derivations.
Proof: Let D be a locally finite k-derivation on A := k[[x]][x−1]. As-
sume D 6= 0. Write D =
∑n
i=1 pi∂i, with pi ∈ A for all i. We will show
that all pi ∈ k[[x]]. From this it follows that the restriction of D to
k[[x]] is a locally finite derivation on the local algebra k[[x]]. Then by
Proposition 2.2 we have D = 0 on k[[x]] and hence also on A.
Suppose that pi /∈ k[[x]] for some i. Then there exists a monomial
xa in pi, with a non-zero coefficient, such that aj < 0 for some j,
where a = (a1, . . . , an) ∈ Z
n. Choose dj ∈ N large enough such that
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djaj+
∑
i 6=j ai < 0 and put d := (1, . . . , 1, dj, 1, . . . , 1). Then A becomes
a Z-graded algebra by defining the weight of a monomial xb by w(xb) :=
〈d, b〉, where 〈, 〉 denotes the usual inner-product on Rn. So w(xa) < 0
and A = ⊕r∈ZAr, where Ar is the k-span of all monomials having
weight r. Furthermore, we can write D uniquely as D =
∑
i≥N Di,
with N ∈ Z, DN 6= 0 and Di a k-derivation on k[x, x
−1] such that
DiAr ⊆ Ar+i for all r ∈ Z. Since w(x
a) < 0 it follows that N < 0.
Now fix an arbitrary b ∈ Zn. The fact that N < 0 and D is locally
finite imply that DmN (x
b) = 0 for all large m. Consequently, DN is
locally nilpotent on k[x, x−1]. Since each xs is a unit in k[x, x
−1], it
follows from observation i) on page 6 in Section 1 that D(xs) = 0 for
all 1 ≤ s ≤ n. So D = 0, a contradiction. ✷
Next we show the E-derivation case of the LFED Conjecture for the
algebra k[[x]][x−1] in the following:
Theorem 3.2. Let A := k[[x]][x−1]. If φ : A → A is a locally finite
k-algebra homomorphism, then there exist 1 ≤ i < j such that φi = φj.
In particular, Im(1− φ) is an MZ-space of A.
To prove this theorem we need to show first the following:
Lemma 3.3. Let A := k[[x]][x−1] and φ : A → A be a k-algebra
homomorphism (not necessarily locally finite). Then φ(k[[x]]) ⊆ k[[x]].
Proof: We may again assume that k is algebraically closed. We will
show that φ(xi) ∈ k[[x]] for all i. Suppose not, say, φ(x1) /∈ k[[x]].
Since φ(x1) is a unit in A (for x1 is in A), there exist α ∈ Z
n and
h ∈ k[[x]] with h(0) 6= 0 such that φ(x1) = x
αh. Since α /∈ Nn we can
write α = a − b, with a, b ∈ Nn such that b 6= 0 and for each i either
ai = 0 or bi = 0. So we may write x
α = xa/xb. Then
φ(1 + x1) = 1 + φ(x1) = 1 +
xah
xb
= x−b(xb + xah).
Since φ(1 + x1) is a unit in A (for 1 + x1 is a unit in k[[x]]), it
follows from the choices of a and b that a = 0 (since b 6= 0). So
φ(1 + x1) = x
−b(xb + h). Now let r ≥ 1. Observe that 1 + x1 = ur(x)
r
for some ur(x) ∈ k[[x]] with ur(0) = 1. So φ(ur) is a unit in A and
hence also of the form xcrgr(x), with cr ∈ Z
n and gr(x) ∈ k[[x]] with
gr(0) 6= 0. Consequently,
x−b(xb + h) = φ(1 + x1) = x
rcrgr(x)
r.
Since h(0) 6= 0 and gr(0) 6= 0, we get that −b = rcr for all r ≥ 1. Hence
b = 0, a contradiction. ✷
12 ARNO VAN DEN ESSEN AND WENHUA ZHAO
Finally, we are able to show Theorem 3.2 as follows.
Proof of Theorem 3.2. It follows from Lemma 3.3 that by restricting
to k[[x]] the map φ induces a k-algebra endomorphism of k[[x]], which
is obviously also locally finite. Then Proposition 2.6 implies that there
exist 1 ≤ i < j such that φi = φj on k[[x]]. Hence the same holds on
A. Then the theorem follows immediately from Proposition 1.4. ✷
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